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Abstract 
 
The aim of this work is to develop a dynamic model for the biological human knee joint. The model 
is formulated in the framework of multibody systems methodologies, as a system of two bodies, the 
femur and the tibia. For the purpose of describing the formulation, the relative motion of the tibia 
with respect to the femur is considered. Due to their higher stiffness compared to that of the 
articular cartilages, the femur and tibia are considered as rigid bodies. The femur and tibia cartilages 
are considered to be deformable structures with specific material characteristics. The rotation and 
gliding motions of the tibia relative to the femur can not be modeled with any conventional 
kinematic joint, but rather in terms of the action of the knee ligaments and potential contact between 
the bones. Based on medical imaging techniques, the femur and tibia profiles in the sagittal plane 
are extracted and used to define the interface geometric conditions for contact. When a contact is 
detected, a continuous non-linear contact force law is applied which calculates the contact forces 
developed at the interface as a function of the relative indentation between the two bodies. The four 
basic cruciate and collateral ligaments present in the knee are also taken into account in the 
proposed knee joint model, which are modeled as non-linear elastic springs. The forces produced in 
the ligaments, together with the contact forces, are introduced into the system’s equations of motion 
as external forces. In addition, an external force is applied on the center of mass of the tibia, in order 
to actuate the system mimicking a normal gait motion. Finally, numerical results obtained from 
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computational simulations are used to address the assumptions and procedures adopted in this 
study.  
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1. Introduction 
 
In a broad sense, there are two main approaches to model the human body, or a sub-system 
of it, as a biomechanical system. These, methods are either based on the finite elements analysis [1-
4], or the multibody systems methodologies [5-8]. The finite element methods provide the system’s 
state of stress and deformation at any time, and are most accurate and versatile, but tend to be very 
time consuming and require high level of information on the system, which may not be accessible 
to the common designer, and hence remain confined to research and development. Based on 
simplifying premises, engineers and designers prefer to use simpler and still accurate methods, such 
as those based on the formulation of multibody systems. By and large, finite element models are 
applied in cases where localized structural deformations or soft tissues need to be described and 
analyzed in detail, while multibody models are usually applied in cases where gross-motions are 
involved and when complex interactions with the surrounding environment are expected. For 
instance, the gait as a gross-motion simulation is usually described using multibody systems 
formulations. 
The study of human body motion as a multibody system is a challenging research field that 
has undergone enormous developments over the last years [5, 9]. Computer simulations of several 
human capabilities have shown to be quite useful in many research and development activities, such 
as: (i) analysis of athletic actions, to improve different sports performances and optimization of the 
design of sports equipment, (ii) ergonomic studies, to assess operating conditions for comfort and 
efficiency in different aspects of human body interactions with the environment; (iii) orthopaedics, 
to improve the design and analysis of prosthesis; (iv) occupant dynamic analysis for 
crashworthiness and vehicle safety related research and design; (v) and gait analysis, for generation 
of normal gait patterns and consequent diagnosis of pathologies and disabilities [10-13]. 
In general, most of the research works developed for simulation of human tasks is based on the 
assumption that the joints that constrain the relative motion of the system components are 
considered as ideal or perfect joints. Thus, the physical and mechanical properties of the natural 
human joints including the effects of friction, lubrication, and intra contact force joints are 
neglected. Over the last few years, a good number of studies considering the phenomena associated 
with real joints has been presented [14-16]. These methodologies are valid for both planar and 
spatial systems, and have been developed for the most general multibody systems. Consequently, in 
order to better understand the realistic performance of human body biomechanical systems, it is 
important to accurately describe the characteristics of the natural human joints, from the simple 
ones, such as the hip joint, to the most complex ones, such as the knee joint.  
The knee joint is one of the most complex synovial joints that exist in the human body, 
whose main functions are: to permit the movement during the locomotion, and to allow the static 
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stability [17]. The mobility associated with the knee joint is indispensable to human locomotion and 
it helps the correct foot orientation and positioning in order to overcome the possible ground 
irregularities. In the knee articulation, there are three types of motion, namely, flexion, rotation and 
sliding of the patella [18]. The knee joint includes three functional compartments, medial, lateral 
and patello-femoral, which make the knee quite susceptible to injures and chronic disease, such as 
displacement, arthritis, ligaments rupture and menisci separation. In fact, the greatest number of 
human ligament injuries occurs in ligaments of the knee [19]. The knee joint is surrounded by a 
joint capsule with ligaments strapping the inside and outside of the joint (collateral ligaments) as 
well as crossing within the joint (cruciate ligaments). The two medial and collateral ligaments, MC 
and LC run along the sides of the knee and limit the sideways motion of the knee. The anterior 
cruciate ligament, ACL, connects the tibia to the femur at the center of the knee and functions to 
limit rotation and forward motion of the tibia. The posterior cruciate ligament, PCL, located just 
behind the anterior cruciate ligament limits the backward motion of the tibia. These ligaments 
provide stability and strength to the knee joint [20]. Overall, the knee as a self-maintaining and 
biologic transmission system, supports and transmits biomechanical loads between the femur, tibia 
and fibula. In this analogy, the ligaments represent non-rigid elements adaptable within the 
biological transmission system. The articular cartilages act as fixed bearing surfaces, while menisci 
act as mobile bearings. The function of the knee muscles, as living cellular engines in concentric 
contraction is to provide active forces across the joint, and in eccentric contraction act as brakes and 
damping systems, absorbing and dissipating loads. 
Over the last decades, a number of theoretical and experimental works have been devoted to 
the simulation of human knee joint [21, 22]. Some of these works focus on planar systems in which 
only the kinematic aspects have been considered. Strasser [23] presented a knee model considered 
as a four-bar mechanism, in which two bars represent the cruciate ligaments, while the other bars 
represent the femur and tibia bones. This planar model was subsequently improved by Menschik 
[24] by including two curves representing the femur and tibia articular surfaces. In this model, the 
location of the insertion areas of the collateral ligaments was studied. Crowninshield et al. [25] 
presented an analytical model to study the biomechanics of the knee joint. This method is the so-
called inverse method, in which the ligament forces caused by a set of translations and rotations in 
specific directions are determined by comparing the geometries of the initial and displaced 
configurations of the knee joint. Wismans et al. [17] developed a three-dimensional analytical 
model of the knee joint. This model considers not only the knee geometric properties, but also the 
static equilibrium of the system. They included a three-dimensional curved geometry of the tibia 
and femur surfaces, as well as nonlinear elastic spring to model ligaments. The solution method 
used in this approach was also a quasi-static one. Hence, in this inverse method, it is necessary to 
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specify the external force required for the preferred equilibrium configuration. The artificial 
restrictions of the quasi-static inverse method, such as the necessity to specify the preferred 
configuration, can be eliminated if the dynamic parameters of the problem are incorporated into the 
dynamic models, as it is the case presented in the present study. Moeinzadeh et al. [26] developed a 
two-dimensional dynamic model of the knee including ligament resistance, and specified a force 
and moment on the femur. A similar model was developed by Abdel-Rahman and Hefzy [27], 
which was later extended to three-dimensions [28]. Engin and Tumer [29] developed a two-
dimensional dynamic model of the knee, which included a patella component. Blankevoort and 
Huiskes [30], and Mommersteeg et al. [31], developed and experimentally verified a three-
dimensional knee model with surrounding soft tissue. More recently, Piazza and Delp [32] 
presented a rigid body dynamic model of a total knee replacement performing a step-up task. 
Patterns of muscle activity and kinematics of the hip were measured experimentally and used as 
inputs to the simulation. The model included both tibio-femoral and patello-femoral interactions 
and predicted the flexion-extension pattern of the step-up activity. 
The dynamic modeling of the intact human knee joint is presented and analyzed in this 
work. The proposed model is developed under the framework of the multibody systems 
methodologies. The femur and tibia bones are considered as rigid bodies, and their articular 
cartilages are modeled as deformable elements. The shapes of the femur and tibia are obtained from 
magnetic resonance image technique, defined in the sagittal plane. After digitalizing the images 
produced, the outlines of the profiles are descritized and described in polar coordinates. A cubic 
interpolation spline technique approach is utilized for the profiles in order to ensure continuity in 
the first and second function derivatives. Thus, based on the kinematic configuration of the system, 
it is possible to evaluate whether the femur and tibia are in contact with each other. When a contact 
occurs, a continuous constitutive law is applied to the system in order to compute the contact forces 
produced by the contact. These resulting forces are then introduced into the system’s equations of 
motion as external generalized forces [33-38]. These contact forces are dependent on the relative 
deformation between femur and tibia, as well as on the contacting surface properties, such as 
Young’s modulus and Poisson’s ratio. In addition, in the present study, the four basic ligaments that 
exist in the knee articulation are modeled as non-linear elastic springs. The patello-femoral and 
menisci are not included in the present knee model. 
The main features that characterize and distinguish the model proposed here are: (i) the 
model is a dynamic one, since it relates the body forces with the motion produced, and hence it is 
more appropriate for studying human daily activities compared to static models [17]; (ii) this model 
explicitly relates the knee mechanical properties and the contact forces produced, what is not the 
case in almost all the models available in the literature [25-29]; (iii) the model is simple, generic 
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and easy to implement in other types of biomechanical systems, such as those that consider human 
whole-body gross motion [6]; (iv) the model does not contain any conventional kinematic joint and 
is hence capable of representing of all modes of the knee motion. Furthermore, the paper presents 
an important application of multiboby dynamics analysis in biomechanical modeling and analysis. 
In particular, a number of contributions can be cited: (i) the geometry definition of the femur and 
tibia profiles in sagittal plane from medical imaging techniques; (ii) the method for contact 
detection; (iii) the nature and the evaluation of contact forces using Hertzian approach models; (iv) 
and the modeling of the ligaments including the two cruciates and two collaterals. The procedure 
for defining surfaces and detecting contacts is rather general and could be utilized for any 
multibody system modeling encountering a contact-impact. The contact forces are evaluated from 
well-established contact force models in the literature. A continuous force approach is adopted to 
represent the contact interaction between femur and tibia: the corresponding rigid profiles are taken 
into account for contact detection and penetration calculation, while the physical properties of the 
articular cartilages are introduced as the contact force parameters. This issue has not been addressed 
before in the literature. The modeling procedure for the ligaments can also be utilized to model 
other biomechanical models such as the ligaments in the human cervical spine. In summary, using 
these procedures, a rather comprehensive model of the knee is presented in this paper. The model 
could be useful in understanding the forces in the knee joint during various normal and extreme 
activities, as well as its response to impact such as those encountered in car accidents. The results 
can also be utilized in the design and development of artificial knees with prostheses. 
 
2. Knee Joint Description 
 
A brief description of the main anatomical and physical characteristics of the intact human 
knee joint is presented in this section. A schematic drawing of the human knee joint involving tibio-
femoral and patello-femoral pairs is represented in Figure 1. The main characteristics of this joint 
are the contact developed between femur and tibia and between the patella and femur, as well as the 
four primary ligaments [20]. 
Medial collateral ligament
Tibia
Patellar tendon
Meniscus
Patella
Quadriceps tendon
Fibula
Lateral collateral ligament
Quadriceps muscles
Femur
Anterior cruciate ligament
Posterior cruciate ligament
Articular cartilage
 
Figure 1. Representation of the intact human knee joint viewed from an anterior position [20]. 
 7 
 
The knee joint is a synovial articulation that connects the distal condylar surfaces of the 
femur, the proximal condylar surfaces of the tibia and the posterior surface of the patella. The 
primary motions of the knee are the flexion and extension on the sagittal plane. For this reason, this 
articulation is usually classified as a hinge joint in most studies. The flexion motion is the backward 
movement of the thigh or leg, while the extension motion is in the opposite direction. These 
motions take place about a moving transverse axis. This axis moves backward during flexion due to 
the curvatures of the femoral condyles. The knee flexes normally to a maximum of 135º and 
extends to 0º [20].  
At complete flexion, the posterior femoral condylar surfaces works with the posterior tibial 
condylar surfaces and with the posterior portions of the menisci. During extension with the tibia 
fixed, the femoral condyles roll forward, while simultaneously sliding backward on the tibial 
condylar surfaces. Movement on the lateral condyle ends before extension is completed while 
movement on the medial condyle continues, since the lateral articular surface of the lateral condyle 
is shorter than the medial. This continued movement of the medial condyle causes the femur to 
rotate medially about a longitudinal axis through the lateral condyle, which ultimately taut the 
collateral ligaments. Thus, lateral rotation becomes a precursor to flexion. During extension, there is 
a lateral rotation of the tibia with respect to the femur. On a contrary, medial rotation of the tibia 
takes place in the beginning of flexion. When approaching complete extension, the anterior portions 
of the menisci are pushed forward by the femur and become less curved. The opposite effect occurs 
in the flexion motion. As the tibial collateral ligament becomes taut during extension, it pulls the 
medial meniscus outward. Figure 2 shows the main possible motions within the knee joint. 
Anterior/Posterior 
translation
Axial 
rotation
Vargus/Valgus
rotation
Flexion/Extension
Superior/Inferior 
translation
Medial/Lateral 
translation
 
Figure 2. Six degrees of freedom of the knee that include 3 rotational and 3 translational motions. 
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The cruciate ligaments are taut in most positions of the knee and prevent anteroposterior 
displacement of the tibia in relation to the femur. During rotational movements, the cruciates twist 
and untwist around each other. In full flexion, the anterior cruciate ligament is relaxed and in full 
extension the posterior cruciate is relaxed. The collateral ligaments are relaxed when the knee is 
flexed to a 90º angle, thus allowing rotation about a vertical axis. 
The articular surfaces of the femoral condyles are convex anteroposteriorly and form side-
to-side, being more marked in the posterior portion of the anteroposterior curvature. The tibial 
surfaces are comparatively flat, being deepened by the wedge-shaped menisci. The patellar surface 
of the femur is also convex from side-to-side, with the lateral condyle extending further forward 
and upward. 
Four major ligaments help in stabilizing the knee joint. Two of these ligaments, the anterior cruciate 
(AC) and posterior cruciate (PC), are located within the joint capsule. The AC is attached to the 
posterior side of the lateral femoral condyle and to the anterior intercondylar fossa of the tibia. The 
PC is attached to the anterior portion of the intercondylar notch on the femur and to the posterior 
intercondylar fossa of the tibia. The AC and PC touch as they span the joint with the AC passing 
anterior and lateral to the PC. The other two ligaments, the medial collateral (MC), also called the 
tibial collateral, and the lateral collateral (LC), also called the fibular collateral, are located external 
to the joint capsule lying medially and laterally to the joint, respectively. The AC is the primary 
check against anterior displacement of the tibia relative to the femur, with the PC being the primary 
stabilizer preventing posterior displacement. In knee flexion, the superficial MC is the first defense 
against external rotation with the AC acting as a secondary restraint. In knee extension, the AC and 
superficial MC act together as primary stabilizers against external rotation. With the knee flexed, 
internal rotation is prevented first by the cruciate ligaments and secondly by the LC. In extension, 
the AC is the primary stabilizer and the LC the secondary [39].  
  
3. Mathematical Modeling of Knee Joint 
 
A mathematical model for the intact human knee joint developed under the framework of 
multibody systems formulation is presented in this section. Figure 3 shows two bodies i and j which 
represent the tibia and femur, respectively. Body-fixed coordinate systems ξη are attached to each 
body, while XY coordinate frame represents the global coordinate system. The origin of the femur 
coordinate system is located at the intercondylar notch, while the origin of the tibia coordinate 
system is located at the center of mass of the tibia, with the local ξ-axes directed proximally and η-
axes directed posteriorly. These origin points are represented by points Oi and Oj. The angles of 
rotation of the local coordinate systems of bodies i and j, relative to the global system, are denoted 
by φi and φj, respectively. 
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PC
LC
MC
AC
X
Y
(j)
Oj
ξjηj
(i) Oi
ηi ξi
Body (i) – tibia
Body (j) – femur
PC – Posterior cruciate ligament
AC – Anterior cruciate ligament
MC – Medial collateral ligament
LC – Lateral collateral ligament
φi
φj
 
Figure 3. Knee joint including the femur and tibia elements and the four primary ligaments. 
 
In the present work, the femur and tibia elements are modeled as two contacting bodies, 
while their dynamics is controlled by contact forces. The equations of motion that govern the 
dynamic response of this multibody system incorporate these contact forces. The knee joint 
elements are considered to be rigid and describe a general planar motion in the sagittal plane. The 
femur is considered to be fixed, while the tibia rolls and slides in relation to the femur profile. The 
femur and tibia are connected by four nonlinear elastic springs in order to represent the knee joint 
ligaments, as illustrated in Figure 3. 
In order to develop a mathematical model for the human knee joint that allows the 
performance of a dynamic analysis, it is first necessary to accurately define the shapes of the femur 
and tibia profiles. In this work, the magnetic resonance image (MRI) technique of the knee 
articulation in the sagittal plane for standard size young subject population is used to obtain those 
profiles. Based on the MRI images, two sets of points are then considered on the articular cartilages 
of the femur and tibia bones. The outlines of the profiles are discretized and described in polar 
coordinates at the points represented in Figure 4. In order to describe these outlines in closed-form 
expressions, cubic spline interpolation functions are utilized, which consist of polynomial pieces on 
subintervals joined together according to certain smoothness conditions. For this purpose, the 
degree selected for the polynomial functions is 3, thus the resulting splines are cubic splines. The 
cubic polynomial functions are joined together in such a way that they have continuous first and 
second derivatives everywhere. For a complex geometry, the polynomial interpolation is generally 
realized by piecewise polynomial schemes. These methods construct curves that consist of 
polynomial pieces of the same degree and that are of a prescribed overall smoothness. The 
advantage of this type of interpolating procedures is that they exhibit local geometric control; i.e., 
the variation of the position of a control point only affects the neighborhood of that point 
maintaining the rest of the curve unchanged. For a detailed discussion of cubic splines interpolation, 
the interested reader in this issue is referred to references [40, 41]. 
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Femur profile
Tibia profile
R
S
 
Figure 4. Magnetic resonance image (MRI) of the knee joint in the sagittal plane. 
 
To address the femur-tibia contact interaction, it is important to develop an accurate and 
effective strategy to determine the location of the contact points between the profiles of the femur 
and tibia. The formulation proposed here requires that the profiles be convex or flat curves. An 
outline is convex if the straight line between any pair of points on the curve lies inside the body, 
such as points R and S on the femur in Figure 4. 
Figure 5 shows the general configuration of a portion of the femur and tibia contacting 
curves, in which the relative distance between them is exaggerated to represent all the necessary 
vectors for the model presented. Let the contact points on bodies i and j be represented by Pi and Pj, 
respectively. Furthermore, it is considered that the segment of curve between points A and B on 
bodies i and j are defined by two cubic spline functions si and sj as, 
 01
2
2
3
3 aaaas iiii +++= θθθ  (1)  
 01
2
2
3
3 bbbbs jjjj +++= θθθ  (2)  
where a0, a1, a2, a3, b0, b1, b2 and b3 are the cubic spline polynomial coefficients and θi and θj 
represent the profile curve polar parameters that define the splines employed [41]. For describing 
the shape or the outline of a body, appropriate types of piecewise spline is the Akima spline and the 
shape preserving spline. These types of piecewise splines are designed so that the shape of the curve 
matches the shape of the data. The Akima spline attempts to minimize oscillations and the shape 
preserving spline preserves the convexity of the data [42]. It should be mentioned that these angles 
are measured relative to the local ξ-axis, as shown in Figure 5. 
The first derivatives of Equations (1) and (2) with respect to angles θi and θj are, 
respectively, 
 12
2
3 23 aaas iii ++= θθ  (3)  
 12
2
3 23 bbbs jjj ++= θθ  (4)  
In a similar way, the second derivatives of Equations (1) and (2) yield, 
 23 26 aas ii += θ  (5)  
 23 26 bbs jj += θ  (6)  
Thus, with this approach it is ensured that polynomial functions used to define the femur and tibia 
profiles are continuous for each interval considered. 
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Figure 5. Two contacting bodies, in which the distance between them is strongly exaggerated with 
the purpose to represent all the desired vectors. 
 
The contact detection between freeform profiles consists of a two-step procedure. The first 
problem that arises is the accurate prediction of the location of the contact candidate points. The 
second step consists of calculating the distance between the candidate points and evaluating a 
penetration condition in order to check whether the points are, in fact, in contact or not [43]. Figure 
5 schematically shows two bodies in contact, which could be femur and tibia. The curves si and sj 
represent the contact profiles of bodies i and j, respectively, and the points Pi and Pj belong to 
curves si and sj, and have potential contact points. The local coordinates of potential contact points 
Pi and Pj are determined in terms of the polar coordinates as [33], 
 kk
P
k s θξ cos=      (k=i,j) (7)  
 kk
P
k s θη sin=      (k=i,j) (8)  
The global position of the potential contact points, Pkr  can be expressed as, 
 Pkkk
P
k
'sArr +=      (k=i,j) (9)  
where ri and rj are the global coordinates of points Oi and Oj, respectively, while Pi
's  and Pj
's  are the 
local components of points Pi and Pj with respect to ξη coordinate system. The rotational 
transformation matrices Ak are, 
 ⎥
⎦
⎤
⎢
⎣
⎡ −
=
kk
kk
k φφ
φφ
cossin
sincos
A      (k=i,j) (10)  
The velocities of the contact points Pi and Pj expressed in terms of the global coordinate system are 
evaluated by differentiating Equation (9) with respect to time, yielding, 
 Pkkk
P
k
'sArr  +=      (k=i,j) (11)  
in which the dot denotes the derivative with respect to time. 
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The relative normal and tangential velocities are determined by projecting the relative 
contact velocities onto the respective directions,  
 ( ) nrr TPjPiNv  −=  (12)  
 ( ) trr TPjPiTv  −=  (13)  
where n is the normal vector to the direction of contact, and t is the tangential vector, obtained by 
rotating vector n by 90º clockwise direction, as shown in Figure 5. Since the contacting bodies have 
been defined by polynomial functions, the first problem that arises is the accurate prediction of the 
location of the contact points. This problem has to be solved at every time step during the dynamic 
analysis. 
From Figure 5, it can be observed that the distance between the potential contact points on bodies i 
and j, Pi and Pj, is given by vector d, which can be written as, 
 Pj
P
i rrd −=  (14)  
or, 
 Pjjj
P
iii
'' sArsArd −−+=  (15)  
The first geometric condition for contact between points Pi and Pj is that the vector d 
corresponds to the minimum distance. Another geometric contact condition is that the vector d and 
normal vectors of the curves, ni and nj, have to be collinear. 
The first derivatives of Equations (7)  and (8), which correspond to the local coordinates of 
potential contact points, with respect to θi and θj give the local components of the vectors tangent to 
the curves si and sj at points Pi and Pj respectively, as illustrated in Figure 5. Therefore, these 
tangent vectors can be expressed in local coordinates as, 
 
T
i
P
i
i
P
iP
i d
d
d
d
⎥
⎦
⎤
⎢
⎣
⎡
=
θ
η
θ
ξ't  (16)  
 
T
j
P
j
j
P
jP
j d
d
d
d
⎥
⎥
⎦
⎤
⎢
⎢
⎣
⎡
=
θ
η
θ
ξ't  (17)  
For points Pi and Pj, the normal vectors can be expressed in local coordinates as, 
 
T
i
P
i
i
P
iP
i d
d
d
d
⎥
⎦
⎤
⎢
⎣
⎡
−=
θ
ξ
θ
η'n  (18)  
 
T
j
P
j
j
P
jP
j d
d
d
d
⎥
⎥
⎦
⎤
⎢
⎢
⎣
⎡
−=
θ
ξ
θ
η'n  (19)  
The tangent and normal vectors can then be easily expressed in the global form by multiplying the 
local coordinates, given by Equations (16)-(19), by the respective rotational transformation matrix, 
given by Equation (10). 
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The minimum distance condition given by Equation (14) is not enough to find the possible 
contact points between the two contact profiles, since it does not cover all possible scenarios that 
may occur in the contact problem. Therefore, the contact points are defined as those that correspond 
to maximum penetration; i.e., the points of maximum elastic deformation, measured along the 
normal direction [43]. The geometric condition equations for contact are defined as, 
(i) The distance between the potential contact points, Pi and Pj, given by vector d 
corresponds to the minimum distance; 
(ii) The vector d has to be collinear with the normal vector ni; 
(iii) The normal vectors ni and nj at the potential contact points, Pi and Pj, have to be 
collinear, which means that nj has null projection onto the tangent vector ti. 
Conditions (ii) and (iii) can be written as, 
 or 0Tj i j i× = =n n 0 n t  (20)  
 or 0Ti i× = =d n 0 d t  (21)  
The geometric conditions given by Equations (20) and (21) are two nonlinear equations with 
two unknowns, the two profile curve parameters θi and θj, which can be solved using a Newton-
Raphson iterative procedure with Jacobians obtained by finite differences. This system of equations 
provides the solutions for the location of the potential contact points. Once the potential contact 
points are found, the next step is the evaluation of the pseudo-penetration given by, 
 Tdδ = = d d  (22)  
The penetration condition states that the contact between body’s profiles exists and, therefore, the 
potential contact points are real contact points when the following relation is verified, 
 0≤j
Tnd  (23)  
By introducing the curve parameters that describe the geometry of the contact profiles, the 
components of the contact points can be predicted during the dynamic analysis. Since the profiles of 
the bodies have complex geometries, the position of the contact points can not be predicted. 
Therefore, during dynamic simulations, the calculation of the curve parameters requires the solution 
of a preliminary system of nonlinear equations. The computational implementation of this 
methodology is quite efficient since the information of the previous time step is used as initial guess 
or estimate to find the solution of the nonlinear equations (20) and (21). 
 
4. Modeling the Contact Forces 
 
The elastic force developed in the contact between the femur and tibia can be modeled by applying 
a Hertzian-type contact law, which is can be expressed as [44], 
 14 
 nN KF δ=  (24)  
in which FN is the normal contact force, K is a generalized stiffness parameter and δ is the relative 
penetration depth, given by Equation (22). The exponent n is equal to 1.5. The generalized stiffness 
depends on the material properties and on the geometry of the contacting bodies. For two spheres in 
contact the generalized stiffness coefficient is function of the radii of the spheres i and j and the 
material properties as [45], 
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4  (25)  
where Ri and Rj are the radii of the spheres and σi and σj are given by, 
 
k
k
k E
σ
21 ν−
=      (k = i,j) (26)  
and the quantities νk and Ek are the Poisson’s ratio and the Young’s modulus associated with each 
sphere, respectively.  
The Hertz contact law given by Equation (24) is a purely elastic model, and it does not 
include any energy dissipation. Lankarani and Nikravesh [46] extended the Hertz contact law to 
include energy loss due to internal damping as, 
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where the generalized parameter K is evaluated by Equations (25) and (26) for sphere to sphere 
contact, or by similar expressions for the contact of other types of geometries, cr is the restitution 
coefficient, δ  is the relative normal penetration velocity and )(−δ  is the initial relative normal 
contact-impact velocity where contact is detected.  
In order for the generalized stiffness parameter K to be evaluated, it is necessary to know the 
radii of curvature of the femur and tibia surfaces. For this purpose, the data presented by Koo and 
Andriacchi [47] were used, which addressed the influence of global functional loads and local 
contact anatomy on the articular thickness of the knee joint. Based on bilateral knee MRI images 
obtained from 11 young healthy adults with no history of knee injury, Koo and Andriacchi observed 
a consistent pattern among the individuals at the thickest regions of the contact surfaces. The femur 
cartilage presents convex curvatures in both medial and lateral compartments. The tibia cartilage 
has concave curvatures for medial compartments and convex curvature for the lateral compartment. 
Figure 6 shows the average radii of the curvatures in both lateral and medial compartments [47], 
where the values are expressed in millimeters. Moeinzadeh et al. [26] and Abdel-Rohmam and 
Hefzy [27] used similar values for the radii of curvature for the medial compartment only. It should 
be noted that in general, the applied load is higher in the lateral compared to medial compartments, 
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since the articular cartilage is thicker in the lateral than medial compartments. This is logical as the 
contact surfaces conformed best (convex-concave surfaces) in the medial compartment, and worst 
(convex-convex surfaces) in the lateral compartment. 
 
A
A
Section A-A Section B-BB
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(a)                                          (b)                (c)
22
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95
34
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Figure 6. Average radii in millimeters of the femur and tibia articular cartilages: (a) Coronal view; 
(b) Lateral compartment; (c) Medial compartment [47]. 
 
5. Physical Models for the Ligaments and Capsule 
 
It is known that ligaments are composite and anisotropic structures exhibiting nonlinear time 
and history dependent viscoelastic properties. The time dependent response means that, during daily 
activities, ligaments are subjected to a variety of load conditions that influence their physical 
properties. Thus, for example, ligaments become softer and less resistant after some minutes of 
running, returning to normal hardness when the exercise is interrupted. The history dependence, in 
turn, means that frequent intense activities changes the tissue properties in a medium term basis. For 
example, the ligaments of an athlete, after 6 months of daily training, become softer and thus more 
adapted to the intense exercise, even when the athlete is not training. In the same way, if the 
activities are interrupted for some months, the ligament properties go back to normal levels. 
Ligaments are also temperature and age sensitive [19]. 
A typical stress-strain relationship for a general ligament is illustrated in Figure 7, in which 
three different zones can be identified [48]. These zones can be analyzed and understood in terms of 
microarchitecture of ligament. Zone I corresponds to the geometrical rearrangement of 
microstructural network, that is, uncoiling of the coiled collagen fibers. In this zone, the ligament 
stiffness is determined mainly by the stiffness of the elastin network. The stiffness increases since 
the fibers become aligned. In this zone, the ligaments elongate with forces that act on them. At the 
end of the zone I, all collageneous fibers are assumed to be fully uncoiled. In zone II, the stiffness 
of ligaments is reported to correspond mainly to the stiffness of the collagen fibers and is found to 
be almost constant. Finally, in zone III, the rupture of some collagen fibers is observed, followed by 
a complete failure of the ligament itself [21, 22].  
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Figure 7. Typical ligament stress-strain relationship [48]. 
 
Based on the information given by stress-strain curve of Figure 7, the force-elongation 
relationship can be represented by a quadratic equation. Crowninshield et al. [25] tested human 
knee ligaments and observed that a quadratic stress-strain function is a good approximation for the 
elastic behavior of the ligaments. In the present study, the following force-elongation relation is 
considered for each knee ligament [26-29], 
 ( )20llll llkF −= ,     if     0ll ll >  (28)  
where, kl is the ligament stiffness, ll and 0ll  are the current and initial or undeformed lengths of the 
ligament, respectively. Furthermore, it is assumed that ligaments can not carry any compressive 
force; that is, 
 0=lF ,     if     
0
ll ll ≤  (29)  
The direction of the force exerted by ligament on the articulating body coincides with the direction 
of the line segment through the insertion points of the ligaments. These insertion points represent 
the end points of the ligaments and are connected to the femur and tibia articular surfaces. The 
distance between the insertion points defines the length of the ligament. The location and stiffness 
of the ligaments will be presented in the next section.  
In this study, the bone portions of the distal femur and proximal tibia are considered as 
perfectly rigid, due to their much higher stiffness when compared to the significant soft tissues. The 
articular cartilages are modeled as deformable material. Articular cartilages are composed of a solid 
matrix, which consists of protoglycans, collagens and water. Articular cartilages are structurally 
non-homogeneous and possess anisotropic and nonlinear mechanical behavior. Yet, for sake of 
simplicity, most analytical models consider articular cartilages homogeneous and isotropic material 
[49]. The most important physical properties of the articular cartilages are the elastic Young’s 
modulus, Poisson’s ratio and the permeability. The study of cartilage performance is of paramount 
importance because the damage in cartilage is a problem that affects millions of people in the 
world. Causes for damage in cartilages are osteoarthrosis, osteochondrosis and trauma [50, 51]. 
 17 
6. Results and Discussion 
 
In this section, some numerical results obtained from computational simulations of the 
developed model are presented and discussed in order to understand the dynamic behavior of the 
knee joint model proposed in this work. Figure 8 shows the initial configuration of the multibody 
model of the intact human knee joint, which consists of two rigid bodies representing the femur and 
tibia. The femur is fixed, while the tibia is considered to move relative to the femur. The 
acceleration due to gravity is taken as acting in the negative Y-direction and the system is defined as 
moving in a vertical plane, corresponding to the motion described in the sagittal plane. The 
Cartesian coordinates of centers of mass and inertia properties of the femur and tibia are listed in 
Table 1, which are assigned to the segments on values derived for a similar model of a 76 kg, 1.8 m 
tall male by Yamaguchi [52]. 
PC
LC
MC
AC
X
Y
(1)
O1
ξ1η1
(2)
O2
η2 ξ2
Body (1) – femur                   Body (2) – tibia
PC – Posterior cruciate AC – Anterior cruciate
MC – Medial collateral          LC – Lateral collateral
54.79º
Fe(t)
0.2016m
0.
17
49
m
0.
17
49
m
 
Figure 8. Initial configuration of the multibody intact human knee join model. 
 
Body name x [m] y [m] φ [º] Mass [kg] Moment of inertia [kgm2] 
Femur 0.0000 0.0000 90.00 7.580 0.126 
Tibia -0.2016 -0.1749 35.21 3.750 0.165 
Table 1. Cartesian coordinates and inertia properties of the femur and tibia bodies [52]. 
The four basic ligaments present in the knee articulation, the two cruciates and the two 
collaterals, are modeled as nonlinear elastic springs elements. All ligaments carry force if their 
current lengths are longer than their initial lengths. The initial lengths were determined when femur 
and tibia are positioned at 54.79 degrees of knee flexion, since this value corresponds to a particular 
position where the ligaments are in a relatively relaxed condition, as examined by Moeinzadeh [22]. 
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The local coordinates of the ligament insertion points, as well as the physical ligament properties, 
such as stiffness (kl), maximum allowable strains (ε) and forces (Fl), are summarized in Table 2. 
These values are determined from the available information in literature and close to anatomical 
study of human knee joint [21, 29]. 
Ligament l1ξ  [m] 
l
1η  [m] 
l
2ξ  [m] 
l
2η  [m] l0 [m] kl [N/m
2] ε [%] Fl [N] 
ML – Medial collateral -0.023 -0.014 0.163 0.008 0.0784 15×106 17 534 
LC – Lateral collateral -0.025 -0.019 0.178 0.025 0.0562 15×106 - - 
AC – Anterior cruciate -0.033 -0.017 0.213 -0.009 0.0438 35×106 22 622 
PC – Posterior cruciate -0.019 -0.014 0.210 0.035 0.0332 30×106 19 868 
Table 2. Local coordinates of the insertion points of the ligaments and physical ligament properties [21, 29]. 
The articular cartilages of the knee are modeled as linear elastic and isotropic material with an 
elastic modulus of E=5 MPa and a Poisson’s ratio of ν=0.46 [53]. This can be considered accurate 
enough to predict cartilage response, as demonstrated by Donzelli et al. [54]. In addition, in the 
present work, and for sake of simplicity, the tibia is considered to be a planar surface, and the femur 
cartilage is modeled as a curved surface with radius equal to 0.04 m [47]. Table 3 shows the 
dynamic parameters used in the computational simulations. 
Cartilage Young’s modulus 5 MPa 
Cartilage Poisson’s ratio 0.46 
Cartilage restitution coefficient 0.30 
Cartilage friction coefficient 0.00 
Integration step time 0.00001s 
Integration tolerance 0.000001 
Table 3. Parameters used in the dynamic simulation of the knee joint model. 
In the dynamic simulation, the knee joint model is released from 54.79 degrees of knee 
flexion. Besides the gravitational force, an external force, typical of the load encountered during a 
normal gait ground reaction, is applied at the centre of mass of tibia directed proximally, as 
illustrated in Figure 8. The external force is located directed proximally, since it corresponds to a 
resultant force of a horizontal component, which provides the tibia motion at the sagittal plane from 
a posterior position to an anterior one, and a vertical component force, which ensures that the tibia 
slides along the femur profile. The aim of this force is so to provide a dynamic action to the knee 
joint model; i.e., to induce the tibia motion from a flexion position at 54.79º to an extension position 
at 0º. The hyperextension scenario has not been taken into account in the computational 
simulations, although it’s important to mention that, in general, 1 to 3 degrees of hyperextension is 
anatomically tolerable, beyond which joint failure becomes unavoidable. The external applied force, 
Fe, is expressed as, 
 ⎟⎟⎠
⎞
⎜⎜⎝
⎛
=
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
d
t
t
e t
tAeF d πsin
2
73.4
 (30)  
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which is an exponentially decaying sinusoidal pulsed function of duration td and with an amplitude 
A. The external force defined by Equation (30) was selected with the fundamental purpose of 
validating the developed methodology. This exponentially decaying sinusoidal pulse function was 
selected as it represents the dynamic behavior in daily human activities; i.e. the forces applied on 
the anatomic segments vary both in magnitude and direction. This same type of applied external 
force has been used in computational simulations of other biomechanical models, such as in 
modeling and simulation of the quadriceps muscle force in knee extension and of human head neck 
studies [26, 55]. In the present study, the influence of pulse duration on the dynamic response of the 
knee joint motion is not considered. A pulse duration of 0.05 s is selected in this study. However, 
two different values of the pulse amplitude A are considered in the computational simulations, in 
order to evaluate the influence of the force magnitude on the knee joint contact dynamics. 
Computational simulations were performed to study first how the type of cubic spline 
interpolation used to define the geometry of the contact profiles influences the knee dynamic 
behavior. To interpolate the set of points extracted by manual segmentation from a MRI image, 
three different interpolation techniques; namely cubic splines, Akima splines and shape preserving 
splines were utilized [41]. For the three cases, the computational simulations were carried out based 
on the methodology of contact detection presented in Section 3 and considering an external applied 
force with amplitude equal to 50 N. The Hertzian-type contact law was used to model the contact 
force. Figure 9 shows the coordinates of the tibia contact points and the relative deformation 
obtained for each simulation. 
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Figure 9. (a) Tibia contact points; (b) Local deformation/indentation. 
 
From Figure 9, it can be observed that the choice for the cubic interpolation spline technique does 
not have significant influence on the resulting motion. However, it is possible that such differences 
occur when the profile geometries are more complex. For a generic methodology, the shape 
preserving interpolation splines is elected as cubic interpolation technique. According to Pombo and 
Ambrósio [56], this type of cubic interpolation is more appropriate for defining the shape of the 
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body outlines compared with other interpolating curves, such as cubic splines and Akima splines, 
since they do not introduce spurious oscillations on the curves. 
The second series of computational simulations was to study the knee contact dynamic 
response based on different contact force models. The simulations were carried out using the pure 
Hertzian contact law and the Lankarani and Nikravesh force model, and the results were compared 
as illustrated in plots of Figures 10 and 11. This procedure was performed taking into account the 
methodology of contact detection presented in Section 3 and considering an external force with 
amplitude equal to 50 N. To define the contacting surface profiles, shape preserving interpolation 
splines were utilized. 
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Figure 10. (a) Local deformation/indentation; (b) Normal contact force. 
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Figure 11. (a) Normal contact force versus deformation; (b) Tibia contact points. 
 
For the Hertz contact law, Figures 10(a) and 10(b) depict that the deformation and normal contact 
force have curves with similar shapes. This is a congruent result since the Hertz model does not 
take into account the energy dissipation during impact, which strongly depends on impact 
velocities. Figure 11(a) shows that the contact energy stored during the loading phase is exactly the 
same as that restored during the unloading phase. For the Lankarani and Nikravesh model, Figure 
10(a) shows a deformation similar to the Hertz model. The normal contact force, plotted in Figure 
10(b), exhibits some differences since the Lankarani and Nikravesh model takes into account the 
energy loss during impact. Figure 11(a) confirms the existence of energy dissipation since the 
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corresponding curve for Lankarani and Nikravesh model represents a non-injective function, which 
means that the hysteresis factor of the Equation (27) is not null. The curve shape suggests that there 
are contacts with two phases, a complete loading phase and an incomplete unloading phase. The 
interruption of the unloading phase happens because another contact; i.e., another loading phase 
occurs. This phenomenon can explain the smaller hysteresis loops present in Figure 11(a) for the 
Lankarani and Nikravesh model. Figure 11(b) shows some minimal differences in tibia contact 
points trajectory, which are associated with the energy dissipation accounted by Lankarani and 
Nikravesh model. 
In order to study the influence of the amplitude of external applied force on the knee contact 
dynamics, simulations with different amplitudes for the external applied force were performed. 
These computational simulations are based on the methodology of contact detection presented in 
Section 3 and considering a pure Hertzian contact. Moreover, the shape preserving interpolation 
technique defines the contact profiles. Figure 12 shows the tibia centre of mass coordinates and the 
knee flexion angle as function of time for amplitudes of external applied force equal to 50 N and 
150 N. Figures 13 and 14 illustrate the dynamic results of the nonlinear elastic springs, which 
represent the knee ligaments, for external applied forces of 50 N and 150 N. Figure 15 shows the 
coordinates of the tibia contact points and the relative deformation obtained for each situation. 
From Figures 12(a) and 12(b), it can be observed that the amplitude of the external applied force 
does not have a significantly influence on the position of tibia centre of mass and the knee flexion 
angle, since these parameters are practically the same for both values of amplitude. In sharp 
contrast, for the dynamic response of the knee ligaments some differences are observed. In fact, the 
increase of the amplitude of the externally applied force increases the ligament strains and the 
ligament forces, as observed by comparing Figures 13 and 14. This rise occurs as the ligaments act 
as the only force element present in the knee joint, and hence, are the only elements that restrict the 
tibia movement. For the amplitude of the external applied force equal to 50 N, the results indicate 
that when the knee extends in response to the applied forces on tibia, medial collateral ligament 
(MCL) and lateral collateral ligament (LCL) strains and forces are lower than those for the anterior 
cruciate ligament (ACL) and posterior cruciate ligament (PCL). This confirms the fact that the 
cruciate ligaments are commonly injured, especially during sport activities and motor vehicle 
accidents [57]. The small resistance of the MCL and LCL, visible in Figures 13 and 14, is evident 
since the main role of these two ligaments is to offer varus-valgus and internal-external rotational 
stability [18]. For the amplitude of the external applied force equal to 150 N, some of the 
physiological ligament behaviors reported for an amplitude equal to 50 N were not verified. This 
occurs because when the amplitude of the external force increases, the contact forces increases also 
and these high contact forces affect the dynamic response of the ligaments. As it can be observed 
 22 
from Figure 15(b), for an amplitude of the external applied force equal to 150 N, the results of the 
tibia contact points represents a non-physiological scenario, since the human body does not tolerate 
these loading situations without damage or injuries on biological tissues surrounding the knee. 
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Figure 12. Tibia centre of mass coordinates and knee flexion angle for an amplitude of external 
applied force equal to: (a) 50 N and (b) 150 N. 
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Figure 13. (a) Ligament Strain versus Knee flexion angle for an amplitude of external applied force 
equal to 50 N; (b) Ligament Force versus Knee flexion angle for an amplitude of external applied 
force equal to 50 N. 
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Figure 14. (a) Ligament Strain versus Knee flexion angle for an amplitude of external applied force 
equal to 150 N; (b) Ligament Force versus Knee flexion angle for an amplitude of external applied 
force equal to 150 N. 
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Figure 15. (a) Local deformation/indentation; (b) Tibia contact points. 
 
Since the dynamic response of the ligaments changes with the increase in the amplitude of the 
external applied force, the deformation is also affected resulting in higher values, as illustrated in 
Figure 15(a). This difference is due to the fact that the deformation is calculated based on the 
distance between the femur and the tibia, which is constrained by the ligaments. 
A comparative study using two different knee models is performed in what follows. The first 
model having only ligaments constraints was described and used in all the simulations presented. 
The second model considers the presence of a clearance and contact between the femur and the 
tibia. This second model is constructed assuming that the femur acts as a journal and the tibia as a 
bearing, as illustrated in Figure 16. In what concerns to the geometric configuration, the tibia was 
considered to be approximately planar, and the femur cartilage was modeled as a curved profile 
with radius of 0.04 m [54]. The computational simulations take into account the methodology of 
contact detection presented in Section 3 for the free contact model and the methodology of contact 
detection described by Flores et al.  [58] for the clearance revolute joint model. The numerical 
results obtained are plotted in Figures 17-19.  
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Figure 16. Relation between the femur-tibia contact and a revolute clearance joint [58]. 
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Figure 17. (a) Tibia centre of mass coordinates and knee flexion angle for the knee joint modeled as 
a clearance joint; (b) Tibia contact points for knee joint modeled as free contact joint and as 
clearance joint. 
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Figure 18. (a) Ligament Strain versus Knee flexion angle for knee joint modeled as clearance joint; 
(b) Ligament Force versus Knee flexion angle for knee joint modeled as clearance joint. 
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Figure 19. (a) Local deformation/indentation; (b) Normal Velocity of Deformation. 
 
By analyzing Figures 12(a) and 17(a), it can be concluded that the free contact model, for a 
simulation time equal to 0.5 s, reports a knee flexion angle larger than for the case of the clearance 
joint model. As the tibia center of mass coordinates are not equivalent for both models, some 
differences are also reported in the dynamic response of the ligaments, which it is verified by 
comparing Figures 13 and 18. Since the dynamic response of the ligaments is different in each 
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model, the results of deformation and normal velocity of deformation diverge, as illustrated Figure 
19. This discrepancy occurs because the deformation is calculated based on the distance between 
the femur and the tibia, which is constrained by the ligaments, and the normal velocity of 
deformation and the normal contact force depend on the deformation. The same reason explains the 
differences reported at tibia contact points coordinates plotted in Figure 17(b). The differences 
between the two models on the knee deformation are related to two facts. First, the knee clearance 
model is constrained for the ligaments, like the contact free knee model. Secondly, it is constrained 
by the clearance joint, which is relatively large, since it is considered approximately plane and 
limits the knee motion. Therefore, the advantage of the free contact modeling in relation to the 
clearance revolute modeling is that the methodology is more general and can be applied to the 
analysis of internal contact and external contact between regular or/and complex profiles. This is a 
great benefit since it offers the possibility to analyze contact between a variety of biological and 
mechanical systems. 
 
7. Conclusions 
 
A two-dimensional mathematical formulation for the dynamic analysis of the natural human 
knee joint has been presented in this work. In the process, the main issues related to multibody 
system formulation were examined and incorporated in a computational algorithm developed to 
perform dynamic analysis of multibody systems with free contact profiles. The effect the four basic 
ligaments of the knee namely the cruciate and collateral were incorporated in the model as 
nonlinear springs. An approach to define the geometry of the contacting outlines based on cubic 
spline interpolation was proposed. To evaluate the exact location of the contact points between the 
contacting bodies, a methodology for contact detection has been implemented, which includes three 
geometric conditions and a penetration condition. A continuous constitutive contact force law was 
used to evaluate the forces produced during the free contact between the femur and the tibia. The 
effect of several parameters such as the cubic interpolation spline technique, the elastic contact 
force model and the amplitude of the external applied force in the knee dynamics was evaluated. 
The differences on the knee dynamic behavior when this joint was modeled as a free contact joint 
and as a clearance revolute joint was also studied. 
The results obtained indicate that the proposed model is quite sensitive to the procedure 
utilized to detect contact. The contact force model used has been developed to model impact events 
between metallic spherical surfaces at high velocities. The biological contact between the cartilages 
is continuous and present very low velocities. This suggests that a more suitable contact force 
model to characterize the cartilage dynamic response is required, namely in what concerns the 
inclusion of joints damping and lubrication effects. Nevertheless, the methodology proposed here 
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revealed promising perspectives and its general structure allows the prediction of the dynamic 
response of a healthy human knee joint, as well as knee models that which exhibit some type of 
pathologies, such as ligament rupture, cartilage defects. Moreover, this proposed formulation can 
also be useful in the study of the behavior of artificial knees with prosthesis, since this model does 
not consider the synovial fluid lubricant. The present work can be extended to account for more 
realistic human joints by developing a three-dimensional model of human knee joint including both 
3D surfaces generation and contact detection and force evaluation. In addition, different contact 
force models can be studied for more “physiological” interactions between the knee parts. The 
issues related to the lubrication and damping phenomena play a crucial role in this type of 
multibody system, and therefore will also be target of future research.  
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